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1 Introduction 

The interest in dispersionless integrable systems is due to their wide range of applicability in 
various fields of mathematics and physics [1, 2, 8, 16, 17, 19, 20, 21, 22, 23, 24, 25, 26, 27, 47, 
48, 50]. Most of the dispersionless integrable systems belong to a family where these systems 
arise as quasi-classical limit of ordinary integrable systems with a dispersion term [1, 2, 8, 22, 
23, 25, 27, 47, 48, 50]. But there are important examples of dispersionless integrable system 
which are referred to as dispersionless not in the sense mentioned above but due to the absence 
of dispersion term. The coupled dispersionless integrable systems and its generalizations are 
examples of such integrable systems [16, 17, 19, 20, 21, 24, 26]. The Darboux transformation of 
the generalized coupled dispersionless integrable system has been studied in a recent work [16]. 

The purpose of this paper is to study the standard binary Darboux transformation of the 
generalized coupled dispersionless integrable system and to derive exact solutions in terms of 
quasi- Grammians. We employ the method introduced in [15], construct standard binary Dar- 
boux transformation by introducing Darboux matrices of the system for the direct and the 
adjoint Lax pairs and then obtain binary Darboux matrix by composing the two Darboux trans- 
formations. We obtain the quasi-Grammian multisoliton solutions using the iterated binary 
Darboux transformations. We also consider the system based on Lie group SU(N) and obtain 
explicit solutions of the system based on SU(2). 

The action of the generalized coupled dispersionless integrable system based on some non- 
Abelian Lie group Q is given by 




(1.1) 



where the Lagrangian density £(S, S x , St) is defined by 
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where S is a matrix field and G is a constant matrix taking values in the non-Abelian Lie 
algebra g of the Lie group Q. The matrix fields S and G are Lie algebra g valued, i.e., S = 4> a T a 
and G = K a T a , where anti-hermitian generators {T a , a = 1, 2, ... , dimg} of the Lie algebra g 
obey [T a ,T b ] = f abc T c and Tr(T a T b ) = -5 ab . For any X e g, X = X a T a . Note that <p a = 
4> a (x, t) is a vector field with components {(j) q , a = 1,2, ... , dimg} and k is the constant vector 
having components {/?", a = 1, 2, ... , dimg}. The equation of motion of the generalized coupled 
dispersionless system as obtained from (1.1) is 

S xt -[[S,G],S x } = 0. (1.2) 

For Q = SU{2) we get from (1.2) 

Qxt + (rf) x = 0, r xt - 2q x r = 0, f xt - 2q x r = 0, (1.3) 

where q is a real valued function and r is a complex valued function of x and t. Here f denotes 
complex conjugate of r. 

The generalized coupled dispersionless system (1.2) can be written as the compatibility con- 
dition of the following Lax pair 

d x ^ = U(x,t,X)^, d t ^ = V(x,t,\)iP, (1.4) 

where ip G Q and A is a real (or complex) parameter. The fields U and V are nxn matrix fields 
and are given by 

U(x, t, A) = \d x S, V{x, t, A) = [S, G] + A -1 G. 

The compatibility condition of the linear system (1.4) is the zero curvature condition 

d t U(x, t, A) - d x V(x, t, A) + [U{x, t, A), V(x, t, A)] = 0. (1.5) 

Note that the above equation (1.5) is equivalent to the equation of motion (1.2). The Darboux 
transformation of the generalized coupled dispersionless system has been discussed in [16]. In 
the next section we will retrace the steps for the Darboux transformation for direct and adjoint 
spaces and then we will combine the two elementary Darboux transformations to obtain the 
standard binary Darboux transformation of the generalized coupled dispersionless system. 

2 Darboux transformation on the direct and adjoint Lax pairs 

In this section we discuss the Darboux transformation on the solutions to the direct and adjoint 
Lax pairs. For details of Darboux transformation see e.g. [3, 4, 5, 6, 7, 14, 18, 29, 30, 31, 32, 34, 
35, 36, 37, 38, 39, 44, 46, 49]. The one-fold Darboux transformation on the matrix solution to 
the Lax pair (1.4) is defined by 

i>(X) = D(x + ,x-,X)i;(X), (2.1) 

where D(x, t, A) is the Darboux matrix. We use the following ansatz for the Darboux matrix 
D(x,t, A) 

D{x + ,x-,\) = \~ l I-M{x + ,x-), (2.2) 

and M(x + , x~) is some nxn matrix field to be determined and I is an n x n identity matrix. 
The Darboux matrix transforms the matrix solution ip in space V to a new solution ip in V, i.e. 

D(A) : V -> V. (2.3) 
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The new solution ip satisfies the Darboux transformed Lax pair 

dJ = U(x,t,X)i>, dt$ = V(x,t,\)fa (2.4) 
where the matrix-valued fields U and V are given as 

U{x, t, A) = Xd x S, V(x, t, A) = [S, G] + A _1 G, 

and S and G are the Lie algebra valued transformed matrix fields. The covariance of the 
Lax pair (1.4) under Darboux transformation can be checked by substituting equation (2.1) in 
equations (2.4). The covariance implies the following Darboux transformation on the matrix- 
valued fields S and G 



S ■ 
G 



S- 
■ G. 



M, 



(2.5) 
(2.6) 



As mentioned earlier equation (2.6) shows that G is a constant matrix and the matrix M is 
subjected to satisfy the following equations 

d x MM = [d x S, M] , d t M = [[S, G] , M] + [G, M]M. 
The matrix M can be written in terms of the solutions of the linear system [16] 

M = @A~ 1 @- 1 , (2.7) 
where O is the particular matrix solution of the Lax pair defined by 

e = (^(x 1 )\i),...^(x n )\n)) = (\e 1 ),...,\0n)), 



Each column \6i 
satisfies 

d x \6i) 

and i = 1,2, 
form as 



ip(Xi)\i) in is a column solution of the Lax pair (1.4) when A = Aj, i.e., it 

Xid x S\9i), d t \e i ) = [S,G]\9 i ) + Xr 1 G\9 i ), (2.8) 
. , n. Assuming A = diag(Ai, . . . , X n ), the equations (2.8) can be written in matrix 



d x @ = o x seA, d t e = [s, g\q + gga- 1 . 

The Darboux transformation of the generalized coupled dispersionless integrable system in terms 
of particular matrix solution O with the particular eigenvalue matrix A is given as 



^ = (A -1 / — 6A _1 6 _1 ) if), S = S-eA- 1 @- 1 



G = G. 



In terms of quasideterminants we can write the above expressions as 



e 

OA" 1 



s = s + 



e 

9A- 1 



o 



where O is an n x n null matrix. The result can be generalized to obtain AT-fold Darboux 
transformation on matrix solution ip and can be written in terms of quasideterminant as 1 (for 



lr The quasideterminant for an TV x TV matrix over a ring R is defined as 



\X\ij — 



where for 1 < i, j < N, r/ is the row matrix obtained by removing jth entry of X from the ith row. Similarly, c/ 
is the column matrix containing jth column of X without ith entry. There exist iV 2 quasideterminants denoted 
by \X\ij for i,j = 1, . . . , TV. For various properties and applications of quasideterminants in the theory of integrable 
systems, see e.g. [9, 10, 11, 12, 28]. 
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more details see [16]) 

ip[K + 1] = if}[K\ - eiK^-^eiK]- 1 ^] 

The expression for S[K + 1] is given as 



9! 

OiA^ 1 



e a Ai 



K 



Q K A 



-K 



K 



K 



S[K + 1] = S-J2 Q^A-^QiK}- 1 = S + 



i=i 



6i 

e 1 A- ( ~ K ~ 2) 



Q K A 
Q K A 



-(K-2) 



K 



o 



o 



-(K-l) 



K 



e K A7 K 



K 



o 



The A'-fold Darboux transformation on the matrix solution ip can also be expressed in terms of 
Hermitian projectors P[K], i.e. 



K 



i,[K + l] = \{ (I 



k=0 



H-K-k+l — HK-k+l 



A" 



P[K - k + 1] V, 



where the Hermitian projection in this case is 



P[k] = 



\0i[k]){9j[k]\ 



k = 1,2 



A', 



(2.9) 



with pi[K\ = P[K] and P 2 [K] = P[K]. 

Now we define the adjoint Darboux transformation. The equation of motion (1.2) and zero 
curvature condition (1.5) can also be written as compatibility condition of the following linear 
system (the adjoint Lax pair) 



d x 4> = -td x SH, dt<t> = - [St, Gft] _ T 1 ^^, 



(2.10) 



which is obtained by taking the formal adjoint of the system (1.4). Note that in equation (2.10) 
£ is a real (or complex) parameter and (p is an invertible nxn matrix in the space V' = {4>}- The 
Darboux matrix D(£) transforms the matrix solution (j) in space to a new matrix solution d> 
in V^, i.e. 

£>(£) : V f -> V f . (2.11) 
The one-fold Darboux transformation on the matrix solution (j> is defined as 

4> = D{i)4> = -{c 1 i-vzsr 1 )4>, 

where S = diag(£i, • • • > £n) is the eigenvalue matrix. The matrix function Vt is an invertible 
non-degenerate nxn matrix and is given by 

n = (<t>(£i)\l),...,<t>(£ n )\n)) = (\ Pl ),...,\ Pn )). 

The AT-fold Darboux transformation on matrix solutions (j), and can be expressed as 

Q\ ■ ■ ■ Q,k <fi 



4>[K + 1] 



-1, 



-if 



-If, 
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[K + 1] = 5 f + 



f2i 



Ox 



1-1 







1—1 




I 










G ] [K + 1] = G. 



In terms of the Hermitian projector we write the above expression as 

K 



4>[k+\]= n / 



fc=0 



VR-k+1 — 



P[K — k + l] 



£ 1 - VK-k+1 

and the Hermitian projector in this case is defined as 
\pi[k])(pi[k]\ 



P[k] = £ 



A; = 1,2,. 



if. 



(2.12) 



By making use of equations (1.4) and (2.10) for the column solutions \6i) and the row so- 
lutions (pi\ of the direct and adjoint Lax pair respectively, it can be easily shown that the 
expressions (2.9) and (2.12) are equivalent. 



3 Standard binary Darboux transformation 

To define the binary transformation we follow the approach of [13, 40, 41, 42, 43, 45] and consider 
a space V, which is a copy of the direct space V and the corresponding solutions are ift G V. 
Since it is a copy of the direct space, therefore the linear system, equation of motion and the 
zero curvature condition will have the similar form as given for the direct space. The equation 
of motion (1.2) and zero curvature condition (1.5) can also be written as the compatibility 
condition of the following linear system for the matrix solution 

d x tP = U{x,t,X)i>, dt# = V(x,t,\)ii>, (3.1) 

where 

U(x, t, A) = Xd x S, V(x, t, A) = [S, G] + X~ l G. 

We have taken the specific solutions G, f2 for the direct and adjoint spaces V and respectively. 
The corresponding solutions for V are G G V and $ G V f . Also assuming that G V f , then 
from equations (2.3) and (2.11), we write the transformation as 

L> ( - 1}t (A) : V f — ► V f . 

Since <fi G V', we have 

i(Q) = J D(- 1 )t(A)0. 

Also from D^(\)(i(@)) = 0, we obtain i(G) = Q ( 1)f and similarly i(0) = Q ( 1)1 . Therefore we 
get from above equation 

@(-)t = £,(-i)t (A)0j e = ( D ^\\)cf>) { -^. 

By using (2.2) and (2.7) in above equation 

G = ((A- 1 / - QA-iQ- 1 )^ 1 ^)^ = (A- 1 / - QA-'Q- 1 )^ 
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= e(A~ 1 i - A-^e-V^w = e(A- 1 / - a- 1 ) (^e)^ 1 = ga-\ (3.2) 

where the potential A is defined as 

A(^,0) = (0 t e)(A- 1 /-A- 1 )- 1 . (3.3) 
Similarly for adjoint space 

n = siAt-w, 

we obtain 

A(v>, n) = - (a- 1 / - s^t)- 1 (nty) . (3.4) 

By writing equations (3.3) and (3.4) in matrix form for the solutions O and f2, we get the 
following condition on A 

s(-i)t A(e, n) - A(e, n)A -1 = (3-5) 

where A is a matrix. An entry Ay from equations (3.3), (3.4) and (3.5) is given as 

A(e,n)« = ^ te) * (3.6) 

Now we define the Darboux matrix in hat space as 

D[X) = (A" 1 / - S) = (A" 1 / - eH^^e- 1 ), (3.7) 

where 

b{\)$ = 4>. 

We may summarize the above formulation as 
D(\) : V — >• V, 

£>(A) : V — ► V, (3.8) 
£>(£) : V f — >■ V f . 

The effect of D(\) is such that it leaves the linear system (3.1) invariant, i.e., 

d x ip = U(x, t, A)V>, dti> = V(x,t,\)i>, 
where £/ and V" are given as 

U(x, t, A) = Xd x S, V(x, t, A) = [S, G] + X^G, 

and 5* and G are the Lie algebra valued transformed matrix fields. By substituting equation (2.1) 
in equations (2.4), we get 

S = S-M, G = G. 

As mentioned earlier equation (2.6) shows that G is a constant matrix and the matrix M is 
subjected to satisfy the following equations 

d x MM = [d x S, M] , d t M = [ [S, G],M] + [G, M] M. 
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The matrix M can be written in terms of the solutions of the linear system 

m = e-t-^er 1 , 

and the Darboux transformation on the matrix fields ip and S in hat space V is 

1 = (a- 1 / - ©s^t©- 1 )^, § = s- qe(-w&-\ 

From equation (3.8) we know that 

D(X)i> = D(X)^, 
which implies 

rj; = £)- 1 (A) J D(A)V'. 



(3.9) 



The equation (3.9) relates the two solutions ip and tp. This transformation is known as the 
standard binary Darboux transformation and we write it as -B(A) = D~ 1 (X)D(X), i.e. 

{jj = i)- 1 (X)D{\)ij = B(\)i>. (3.10) 

By substituting (3.7), (2.2) in equation (3.10), we obtain the explicit transformation on ip as 

^ = (a- 1 / - es^-^te- 1 )- 1 (a- 1 / - ©a- 1 ©- 1 ) ^ 
= e(\- l i - E^y 1 e~ 1 @(\- 1 i - A-^e-V- (3.11) 

By using (3.2) in equation (3.11), the expression of tp may be simplified as 

i> = GA(e, o)- 1 (a _1 j - s(- 1 ) t )" 1 A(e, n)&- 1 e(\- 1 i - a- x )g~ V 

= GA(G,fi)- 1 (A- 1 /-H(- 1 ) t ) -1 A(G,0)(A- 1 /- A- X )G-V 
= GA(Q,^)- 1 (A- 1 /-H(- 1 ) t ) _1 (A- 1 A(G,fi) - A(Q,^)A- 1 )G-V- 
By substituting the value of A(Q,0)A _1 from (3.5), we get 

4> = GA(Q,fi)- 1 (A- 1 /- H(- 1 ) t ) _1 (A- 1 A(G,fi) - E^A(@, O) + 0+0)0- V 
= (J + GA(G,n)- 1 (A- 1 I-3(- 1 )t)~ 1 Ot)^ = (/- QA(G,fi)- 1 A(-,0))V 
= V>-@A(0, 0)^(^,0), (3.12) 

where we have used equation (3.4) in obtaining the last step. Equation (3.12) may be written 
in terms of quasideterminant as 



A (0,0) A (ip, O) 




(3.13) 



The quasideterminant (3.13) is referred to as quasi- Grammian solution of the system. The 
adjoint binary transformation for cf> G V' is obtained in a simmilar way and gives 



4> = 4>- OA(0, 0)(" 1 ) t A t (Q, 4>) = 

Again from equation (3.9), we have 

S - QE^Q- 1 = S- ©A" 1 ©" 1 , 



At (0,0) At(0 
O 
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s = s- 9A~ 1 9~ 1 + es^e -1 = s - 9A~ 1 9~ 1 + 8A(e, n)-^- 1 ^ a(g, nje -1 . 

By using equation (3.5) for S( _1 )t A (9, Q) in above equation 

s = s-qa- 1 ®- 1 + QA{Q,n)- 1 (A(e,n)A- 1 + n^e)Q- 1 
= s + QA{e,n)- 1 rt = s 



A(@,n) nt 



e 



o 



For the next iteration of binary Darboux transformation, we take 9i, G2 to be two particular 
solutions of the Lax pair (1.4) at A = Ai and A = A2 respectively. Similarly Oi, il 2 are two 
particular solutions of the Lax pair (2.10) at H = Si and S = S2. Using the notation tp[l] = vp, 
S[l] = S and ip[2] = ip, S[2] = S, we write two-fold binary Darboux transformation on ifi as 



^[3] = ^[2]-e[2]A(e[2],0[2])- 1 A^[2],^[2]), 



(3.14) 



where 0[1] = 9i, = Qi, 9 [2] = i/)[2]\^@ 2 , Q[2] = </>[2]\^n a . Also note that by using the 
definition of the potential A and equation (3.6), we have 



A(^[2], 0[2]) = A(Vi, 0i) - A(9i, 0i)A(9i, OO^A^i, fix} 
A(9i,fii) A(^,fii) 
A(0i,0) I A(V>, </>) 

The equation (3.15) implies that 

A(9[2], n[2]) = A(9 2 , fia) - A(9i, 2 )A(9i, n^^A^, «i) 
A(9i,fii) A(9 2 ,fii) 



(3.15) 



A(9i,fi 2 ) A(9 2 ,ft 2 ) 



(3.16) 



By using equations (3.15), (3.16) and the notation defined above in equation (3.14), we get 



A(9i,ni) A(^,fii 



6i 



A(9i,0i) A(9 2 ,fii 



9i 



e 2 



A(9i,fii) A(9 2 ,^) 
A(9i,0 2 ) |A(G 2 ,Q 2 ) 



-1 



A(9i,0 x ) A(^,Oi) 
A(9i,^») |A(^,n 2 ) 



A(9 x ,0i) A(e 2 ,fii) A(V,O x ) 
A(9i,0 2 ) A(G 2 ,0 2 ) A(V>,n 2 ) 



9i 



e 2 



(3.17) 



where we have used the noncommutative Jacobi identity 2 in obtaining (3.17). The Kth iteration 
of binary Darboux transformation leads to 

rj>[K + 1] = ip[K] - e[K]A(e[K], Q.[K])- 1 A{^[K], tt[K]) 



A(Q[K],n[K]) A(i;[K},n 
9 [if] \i)[K\ 



K]) 



2 For quasideterminants, the noncommutative Jacobi identity is given as 



E F 
H A 
J C 



G 
B 



D 



E 
J 



G 



D 



E 
J 



F 



C 



E 
H 



F 



E 
H 



G 



B 



For the definition and more properties of quasideterminants see e.g. [9, 10, 11, 12, 28]. 
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A(8i,fii) 



A(e K ,n K 

Ok 



(3.18) 



Above result can be proved by induction by using the properties of quasideterminants. Similarly 
the Kth. iteration of adjoint binary Darboux transformation gives 



4>[K + 1] = <p[K] - n[K]A{S[K], n[K])^A(e[K],())[K]) 



A(G 



K], 



cj>{K] 



A(@[K],n[K]Y 

n[K) 

A(9 1 ,0 1 )t A(9 2 ,^)t 
A(9i,0 2 ) t A(G 2 ,0 2 )t 

A(9 l5 ^)t A(9 2 ,fi x ) t 



A(@ K ,n 2 ) 



A(0i,0)t 
A(9 2 ,0) t 



A(e K ,n K y A(9^»t 



The multisoliton S[K + 1] can be obtained by putting A 
and using G = ^>|a=o> which on silmplification gives 



in the expression for + (3.18) 



S[K + 1] = S 



A(e l5 0i) 

A(9i,^) 
9i 



A(@ K ,n x ) n\ 



A(@ K ,n K ) 



Similar expression can be obtained for the i^th iteration of S 1 '. 

Therefore by using the standard binary Darboux transformation we have obtained the gram- 
mian type solutions for the linear system and the potential is also expressed in terms of quaside- 
terminants. That is by constructing binary Darboux transformation in terms of spectral para- 
meter we can get the expression of the matrix solution of the linear system in terms of grammian 
type quasideterminants which is different in representation from the solutions obtained by ele- 
mentary Darboux transformation. In addition to the solutions of the linear system we are also 
able to obtain explicit quasideterminant expression of the potential A in terms of the particular 
solutions of the linear system. It is important to note that the spectral parameter remains un- 
changed in binary Darboux transformation. We consider the eigenfunctions (solutions of direct 
Lax pair) and adjoint eigenfunctions (solutions of adjoint pair). The bilinear potential A is 
related to each pair of (direct and adjoint) solutions. Since we know that the solutions of the 
linear system can be column vectors or they can be combined to give solution in matrix form. 
As in the present case when the solutions are in matrix form the potential A is also a matrix. 
It has been shown earlier that matrix solutions can be reduced to vector solutions [15]. In such 
a case when solutions are vectors the potential A becomes scalar and by replacing spectral para- 
meter with derivative we can consider potential to be a contour integration of the corresponding 
expressions in x — t plane. In the next section we will see what happens when we apply our 
method to a specific case of SU (2) system. 



4 Explicit solutions for the SU(2) system 

In this section we consider the generalized coupled dispersionless integrable system based on the 
Lie group SU{2) and calculate the soliton solutions by using binary Darboux transformation. 
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For the Lie group SU (2) the matrix fields S and G are valued in the Lie algebra su(2) and we 
have 

St = _ S: G f = —G, (4.1) 
TrS = 0, Tr G = 0. (4.2) 

Following the same steps for the direct Lax pair as obtained in [16]. We define a vector = 
(01, 4>2, 03) in such a way that the matrix field S is given by 

S = i(, ^ fc- toV (4.3) 

Equation (4.3) satisfies the conditions (4.1) and (4.2). The matrices U and V are then given as 

jj = \( d x 4>3 d x <j>\ - id x 4>2\ v = ( ^ 1 ~ ^"A - — f 1 

" \d x <h + id x <h -d x <h )' U-»^ J 2X\0 -1 

By writing 0i = r, 02 = and 03 = q, we get the coupled dispersionless integrable system as 
given in [24] 

d x dtq + 2d x rr = 0, 5 x ^r — 2d x qr = 0. 

and the matrix S from equation (4.3) is given as 

To obtain the expression for the Darboux matrix we take 

X)- °- (?-«)■ 

By using equations (4.5) and (2.7) in equation (2.2), we get 

, _ /A -1 — A^f 1 cos uj — A^sinw \ 
^ (Aj "V -A^sinw A -1 - A^f 1 cosuj) ' 

where we have assumed that tan % = — . We now consider the seed solution as follows 

By using the above equation (4.6) we can write the particular matrix solution B of the direct 
Lax pair (1.4) as 

(i\ix— i\-2X— j^-i \ 

e 2A i — e 2A 2 J 

By substituting A2 = — Ai we get from above equation (4.7) 
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Taking I = 2i\\x — j^t and using the definition (2.7) we get from (4. 



M 



A 1 1 /2sinh/ 2 \ j /tanh/ sech/ 
2 cosh/ V 2 — 2sinh// 1 I sech/ —tanh//' 



From equation (2.5) we have 

d x S[l] = d x S - d x M. 
On comparison with equation (4.4) and using (4.9) we obtain 

d x q[l] = d x q + id x M\\ = 1 + %X[ d x tanh / = 1 — 2 sech 2 / 
= 1 - 2 sech 2 [2i\ix - ^-t 



where we have used d x q = 1. Similarly we have for r = 

d x r[l] = d x r + id x M u , 
which gives 



r[l] = iM 12 = iX[ l sech ( 2«Aix - — t J . 



(4.9) 



(4.10) 



(4.11) 



It is easy to show from equations (4.10) and (4.11) that in the asymptotic limit c? x g[l] — > 1 and 
r[l] — > 0. Now by making use of above calculation we can write the iterated solution as 



, M1 „ , . . , m A 1 — A, 1 tanh l) — Ai 1 sech le 2 

y — X l sechea (A 1 + X 1 tanh /) e 

Repeating the calculations as we did for direct pair, we get 

n -- 



I p _ £ 

ea e 2 

_ E E 

e 2 — e2 



(4.12) 



where p = 2i£ix — j^t. To obtain the expression for S, we start with the definition (3.6) of 
A(0, fi), £ = — £ and by using (4.8), (4.12) obtain for the present case 



/ 2 cosh / 



A(9,n) 



2sinhj5 \ 



£r x + Ar 1 £r : - Ar 1 

2sinhp 2 cosh/ 

V^-Ar 1 er 1 + Ar 1 J 



where 



l(x + ,x-) = i(£i + Xi)x- l - 1 
Now we consider 

M = eA(e,o)- 1 ^t = (Mu m 12 \ 

{ ' \M 21 M 22 ) 



p(x + ,x ) = — Ai)a; — ^ — ^- ) /. 
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4 
K 



+ 



( cosh /sinh/ cosh p sinh p cosh/ cosh p sinh p sinh/ \_ 

er 1 + Ar 1 ' 

cosh/ cosh p 



— l 



A 



-i 



where 



if = det A(e,n) 



sinh p sinh / 

V er 1 + Ar 1 " er 1 - Ar 1 

4 cosh 2 / 



er 1 + Ar 1 

cosh / sinh / 



— 1 



A 



-i 



cosh p sinh p 

er 1 + Ar 1 ~ er 1 - Ar 1 J 



(4.13) 



4 sinh p 



'tg + Mn »r + M i2 
,ir + M 2 i -ig + M 22y 

From equation (4.14) and (4.13) by using d x q = 1 and r 



5 = 5 + 6A(e,0)- 1 fi t , 



ir[l] 



ir[l] 
-iq[l] 



d x q[l] = 1 + 



8A£ 



sinh p sinh / H 



sinh 2/ 



= we get 
sinh 2p I 



^ Ur'+Ar 1 ^r'-Ar 1 



r[l] 



4 I cosh/ cosh p sinh p sinh/ 



K 



e^ + Ar 1 



er 



a; 



(4.14) 

(4.15) 
(4.16) 



In the asymptotic limit for t — > ±oo, we have / — > ±oo and the equations (4.15) and (4.16) 
become 



lim <9 X (/[1] = 1, _lim r[\] = 0. 



I— >±oo 



(4.17) 



We see that in the asymptotic limit, we get much simpler expressions. Note that the expression 
is similar to the one we obtain from elementary Darboux transformation. Now we consider the 
special case when £ = A which gives p = 0. The solutions (4.15) and (4.16) become 



d x q[l] = 1 + 2sech 2 /, 
r[l] = sech /. 



(4.18) 
(4.19) 



On comparison of equations (4.10) and (4.11) with equations (4.15) and (4.16) we see that the 
original solutions obtained by the standard binary Darboux transformation are different from 
those of elementary Darbouix transformation and contain the contribution from both the direct 
and adjoint system. If we take £ = A the solutions from both the techniques become equal as 
shown by equations (4.18) and (4.19). Therefore the advantage of using standard binary Darboux 
transformation is that we can obtain the solutions in the form of direct and adjoint space 
parameters and then without using elementary Darboux transformation we can obtain solutions 
just by equating parameters as shown above where we have obtained equations (4.18) and (4.19) 
(which have same form as solutions obtained from elementary Darboux transformation) from 
equations (4.15) and (4.16) (which give solutions by standard binary Darboux transformation). 

It is simple to show that the solutions (4.18) and (4.19) have the same behaviour in asymptotic 
limit and satisfy (4.17). Plots of solutions (4.18) and (4.19) for A = i are shown in Figs. 1 and 2. 
Now we show the relationship between our solution of the system (1.3) and the solution (j) of 
the sine-Gordon equation. The sine-Gordon equation is given as 

d x dt<p = 2sin0, 

and is related to our system by the following equations 

d x q = cos<j), r = ±-d t <l). (4.20) 
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Figure 1. Plot of solution (4.18) representing 
one soliton solution <?[!]. 



Figure 2. Plot of solution (4.19) representing 
one soliton solution r[l]. 



To obtain the expression for 4>[1], we use equation (4.20) in equation (4.19) which gives 
±-<9 t (/>[l] = sechf, 

0[1] = ±2i\^ J sech (^2i\x - jt \ dt = ± A tan" 1 ^exp \2i\x - ^tj V (4.21) 
The equation (4.21) is the one-kink solution to the sine-Gordon equation [33]. 

5 Conclusions 

In this paper, we have composed the elementary Darboux transformations of the generalized 
coupled dispersionless system and obtained the standard binary Darboux transformation of 
the model. By iterating the standard binary Darboux transformation we have generated the 
multisolitons of the model. We have also obtained the quasideterminant expression for the 
potential A. We have also considered the case of coupled dispersionless integrable system based 
on the Lie group SU (2), and have obtained explicit expressions of Grammian solutions of the 
system. There are various directions in which the the integrability properties of the generalized 
dispersionless integrable system can be studied. One such study is to investigate the r-matrix 
structure and the existence of infinitely many conservation laws of the system. We shall return 
these and related investigations in a separate work. 
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